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completeness and ask for a new one in case of missing pages.
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• Permitted items and materials are a non-programmable calculator and a handwritten two-
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• You may answer the questions using either the German or the English language.
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1. Linear Programming (12 P.)

Consider the following incompletely documented Simplex search.

x1 x2 x3 x4 x5

max c 3 9 0 0 0 b

3 3 1 0 0 18

A 3 -6 0 1 0 6

0 3 0 0 1 12

t=0 N 1 B 2 B

x(0) 3 0 4 6 12 c · x(0) = 0

∆x for x1 5 6 -3 7 0 c̄1 = 3

∆x for x2 0 8 -3 6 -3 c̄2 = 9

– – 18
−(−3)

– 12
−(−3)

9

t=1 N B B B N

x(1) 0 4 6 30 0 c · x(1) = 36

∆x for x1 1 0 -3 -3 0 c̄1 = 3

∆x for x5 0 −1
3

1 -2 1 c̄5 = −3

– – 10 30
−(−3)

– 11

t=2 B B N B N

x(2) 2 12 13 24 0 14

∆x for x3 −1
3

0 1 1 0 c̄3 = −1

∆x for x5
1
3
−1

3
0 -3 1 c̄5 = −2

Your result:

(a) The numbered circles 1 to 14 indicate missing values/entries. Please determine

these values/entries and enter them in the table below. (7 P.)

1 2 3 4 5 6 7

8 9 10 11 12 13 14
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(b) How do you interpret the result of the computation? Why? (2 P.)

(c) What can you say about the optimal value of the dual variable that is related to the
second constraint? (1 P.)

(d) Assume that a linear program has been solved to optimality. Now consider cons-
traint j of that linear program with slack variable sj and dual variable vj. What can
you say about the relationship between those two variables? Explain! (2 P.)
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2. Branch & Bound (14 P.)

The following table shows for a binary maximization problem with decision variables
x1, x2, x3 ∈ {0, 1} for all combinations of fixed and free, i.e., binary-relaxed, variables the
LP relaxation optima x̃ with objective function value ṽ.

x1 x2 x3 x̃ ṽ

# # # (1.00, 1.00, 0.50) 100.500

# # 0 (1.00, 1.00, 0.00) 81.000

# # 1 (0.33, 1.00, 1.00) 100.000

# 0 # (1.00, 0.00, 1.00) 69.000

# 0 0 (1.00, 0.00, 0.00) 30.000

# 0 1 (1.00, 0.00, 1.00) 69.000

# 1 # (1.00, 1.00, 0.50) 100.500

# 1 0 (1.00, 1.00, 0.00) 81.000

# 1 1 (0.33, 1.00, 1.00) 100.000

0 # # (0.00, 1.00, 1.00) 90.000

0 # 0 (0.00, 1.00, 0.00) 51.000

0 # 1 (0.00, 1.00, 1.00) 90.000

0 0 # (0.00, 0.00, 1.00) 39.000

0 0 0 (0.00, 0.00, 0.00) 0.000

0 0 1 (0.00, 0.00, 1.00) 39.000

0 1 # (0.00, 1.00, 1.00) 90.000

0 1 0 (0.00, 1.00, 0.00) 51.000

0 1 1 (0.00, 1.00, 1.00) 90.000

1 # # (1.00, 1.00, 0.50) 100.500

1 # 0 (1.00, 1.00, 0.00) 81.000

1 # 1 (1.00, 0.60, 1.00) 99.600

1 0 # (1.00, 0.00, 1.00) 69.000

1 0 0 (1.00, 0.00, 0.00) 30.000

1 0 1 (1.00, 0.00, 1.00) 69.000

1 1 # (1.00, 1.00, 0.50) 100.500

1 1 0 (1.00, 1.00, 0.00) 81.000

1 1 1 Infeasible
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Determine the optimal solution of the binary maximization problem by applying the
Branch&Bound Algorithm 12A with the following specifications:

• Perform a depth-first search!

• When selecting between active candidate problems, break ties in favor of xi = 0,
i.e., first create a new candidate by rounding down, and only later by rounding up
(xi = 1).

• Number the candidate problems in the sequence in which you analyze their relaxa-
tions.

• Document in your search tree for each candidate the relaxation outcome, conse-
quences for lower and upper bounds, and the resulting decision.

• Give the optimal solution and the optimal objective function value.
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3. Duality and Benders decomposition (9 P.)

(a) Assume that during a Benders decomposition iteration the dual subproblem BD2 in
iteration l = 2 is solved for current value of the single binary variable y(1) = 3 from
the last solution of the partial master problem BM1, leading to the following dual
subproblem:

max 6v1 − 4y(1)v2 + 3y(1)= 6v1 − 4 · 3 · v2 + 3 · 3
(BD2) s.t. v1 − 2v2 ≤ 6

v1 − 3v2 ≤ 5

v1, v2 ≥ 0

Now assume that the optimal solution to that subproblem is (v1, v2) = (8, 1).

i. Give the cut that has to be added to the partial master problem. (2 P.)

ii. Explain what kind of cut it is and which effect it has within the Benders de-
composition approach! (2 P.)
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iii. How is the feasibility of the dual subproblem in a Benders decomposition affected
by the outcome of the last solution to the partial master problem? Why? (2 P.)

iv. When does the Benders algorithm applied to a feasible problem terminate and
how do we determine the complete solution to the underlying primal problem?

(2 P.)
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4. Modeling, cutting stock problem, and delayed column generation (25 P.)

In the so-called cutting stock problem, we have do decide how to cut so-called stock
boards of length b into pieces to meet the demand di for final board types i. Each final
board of board type i has length hi. In order to minimize the waste, we want to cut the
stock boards in such a way that we need to cut as few stock boards as possible.

(a) Give a direct (i.e., compact) model formulation of the cutting stock problem, using
the notation presented in the table below. Explain the objective function and each
set of constraints! (6 P.)

Sets:

n ∈ N set of (uncut) stock boards, N = {1, ..., N}
i ∈ I set of required board types, I = {1, ..., I}

Parameters:

di demand for board type i

hi length of board type i

b length of (uncut) stock board

Decision Variables:

Yn binary variable which is equal to 1 if stock board n is used, 0 otherwise

Wi,n integer number of boards of type i to be cut from stock board n
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(b) What is meant if we say that the model possesses symmetric solutions? Is this good
or bad? Why? (3 P.)
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(c) Now assume that we want to operate with an indirect modeling approach based on
cutting patterns, using the notation presented in the table below. Give the indirect,
i.e., pattern-based model formulation of the cutting stock problem and explain the
objective function and the constraints. (4 P.)

Sets:

i ∈ I set of final board types, I = {1, . . . , I}
k ∈ K set of cutting patterns, K = {1, . . . , K}

Parameters:

ai,k number of units of board type i in cutting pattern k

di demand for board type i

Decision Variables:

Xk integer number of stock boards to be cut with cutting pattern k
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(d) Assume that the set K of cutting patterns is incomplete in the sense that it does not
contain all possible cutting patterns. Is is possible that an optimal solution to the
pattern-based model has the same objective function value as an optimal solution
to the direct (i.e., compact) model formulation? Explain your reasoning! (3 P.)
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(e) Assume that we want to generate new cutting patterns via a column generation
approach and use the notation presented in the table below.

Sets:

i ∈ I set of final board types, I = {1, . . . , I}

Parameters:

di demand for board type i

hi length of board type i

vi ?????

Decision Variables:

ai integer number of units of board type i in the cutting pattern

Give the subproblem to be solved, explaining the objective function and the cons-
traint! Comment on the origin and meaning of the parameter vi! How do we call
problems with this structure? (7 P.)
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(f) Assume that we want to solve the linear programming relaxation of the pattern-
based model formulation of the cutting stock problem via column generation. When
does the column generation process stop? Why? (2 P.)
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