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1. Improvement search: (11 P.)

(a) Assume we are minimizing the function f(w1, w2) = 2w2
1w

3
2.

i. Construct at point w = (w1, w2) = (2, 2) an improving direction from the gra-
dient of this function. (2 P.)

ii. Determine by an appropriate gradient test whether at point w = (w1, w2) =
(1, 2) the direction ∆w = (−2, 1) improves on the objective function. (2 P.)
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(b) Explain briefly what characterizes in an improving search an “active constraint” and
what a “feasible direction”. (3 P.)

(c) Which fundamental properties must the objective function and the feasible set of a
problem possess such that the improving search algorithm 3A can be guaranteed to
find an optimal solution if one exists? Why? (4 P.)
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2. Branch & Bound (15 P.)

Consider the following integer linear program with a minimization objective function:

Min 2x1 + 3x2

s.t.

7x1 + 3x2 ≥ 22

2x1 + 8x2 ≥ 16

xi ∈ {0, 1, 2, 3, 4, ...}, i ∈ {1, 2}

Determine the optimal solution of this integer minimization problem by applying a
branch&bound algorithm according to the following specifications:

� Perform a depth-first search!

� Start with incumbent solution (x1 = 5, x2 = 5).

� If in the linear programming relaxation of a candidate problem both variables x1

and x2 should be fractional, break ties in favor of the first variable, i.e., branch on
x1.

� When branching on a fractional variable xi by creating two new problems, create
the new problem to be examined next in the depth-first search by rounding up and
the other new problem (to be examined later in the depth-first search) by rounding
down.

� Number the problems according to the sequence in which you determine their rela-
xations and make branching or bounding decisions in the decision tree based on the
solution of the candidate problem.

Hints and tasks:

� You can determine the values of relaxed variables x1 and x2 in a relaxation of a
candidate problem to a sufficient degree of accuracy by modifying and reading from
the figure on the following page. On this basis you can compute to a sufficient degree
of accuracy the objective function values as well.

� Document in your search tree for each candidate the relaxation outcome, conse-
quences for lower and upper bounds, and the resulting decision.

� Give the optimal solution and the optimal objective function value.

The following figure (see next page) shows the visualization of the objective function and
the constraints:
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3. Linear Programming (20 P.)

Consider the following linear program (LP), denoted as the “primal” problem:

Max 11x1 + 10x2

subject to

x1 ≤ 3

x2 ≤ 4

x1 + x2 ≤ 8

x1, x2 ≥ 0

(a) Determine by inspection

i. the optimal solution to the problem, (2 P.)

ii. the objective function value for the optimal solution, (1 P.)

iii. the values of the dual variables in the optimal solution. (2 P.)
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(b) Using your results, show that for all three constraints the primal complementary
slackness condition holds! (3. P)

(c) Determine the dual program corresponding to this primal LP! (2 P.)
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(d) Give the standard form of the primal LP! (2 P.)

(e) Does the standard form version of this primal LP possess a variable which can never
be non-basic? Explain! (1 P.)

(f) Assume that in a solution to the standard form of this primal LP, variables x1 and
x2 are non-basic.

i. Give the complete solution for this case! (2 P.)
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ii. Set up and solve the system of equations to determine the direction vector of
rudimentary Simplex algorithm 3A to make non-basic variable x1 basic and
determine the associated unit change c1 (also known as “reduced cost”)! (3 P.)

iii. Assume that we decided to actually make x1 basic, using the just determined
direction vector. What would be the step size and what the next solution vector?
(2 P.)
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4. Delayed column generation (6 P.)

(a) What is the respective role of the master problem and the subproblem in a column
generation approach and how do these two problems interact? (4 P.)

(b) What is the potential role of a column generation approach embedded in a branch-
and-bound algorithm to solve a mixed-integer linear program? What is the name of
the resulting type of algorithm? (2 P.)
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5. Modeling: (8 P.)

Consider the following linear program:

Maximize 3x1 + x2

subject to

6x1 + 4x2 ≤ 24

x1, x2 ≥ 0

Introduce appropriate further variables, parameters and constraints as needed and give a
modified/extended linear (!) version of that program in which you ensure that

(a) if x1 is strictly positive (x1 > 0), the objective function value decreases by a fixed
amount of 1 and if x2 is strictly positive (x2 > 0), the objective function value
decreases by a fixed amount of 2 and that

(b) at most one of the two variables x1 and x2 can assume a strictly positive value in
any feasible solution, but not both.

Briefly explain the mechanisms of your modeling approach!
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